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CR EIGENVALUE ESTIMATE AND KOHN-ROSSI
COHOMOLOGY
ZHIWEI WANG AND XIANGYU ZHOU
Abstract. Let X be a compact connected CR manifold with a
transversal CR S1-action of dimension 2n − 1, which is only as-
sumed to be weakly pseudoconvex. Let b be the ∂b-Laplacian.
Eigenvalue estimate of b is a fundamental issue both in CR ge-
ometry and analysis. In this paper, we are able to obtain a sharp
estimate of the number of eigenvalues smaller than or equal to λ
of b acting on the m-th Fourier components of smooth (n− 1, q)-
forms on X , where m ∈ Z+ and q = 0, 1, · · · , n−1. Here the sharp
means the growth order with respect to m is sharp. In particular,
when λ = 0, we obtain the asymptotic estimate of the growth for
m-th Fourier components Hn−1,qb,m (X) of H
n−1,q
b (X) as m → +∞.
Furthermore, we establish a Serre type duality theorem for Fourier
components of Kohn-Rossi cohomology which is of independent in-
terest. As a byproduct, the asymptotic growth of the dimensions
of the Fourier components H0,qb,−m(X) for m ∈ Z+ is established.
Compared with previous results in this field, the estimate for λ = 0
already improves very much the corresponding estimate of Hsiao
and Li . We also give appilcations of our main results, including
Morse type inequalities, asymptotic Riemann-Roch type theorem,
Grauert-Riemenscheider type criterion, and an orbifold version of
our main results which answers an open problem.
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1. Introduction
Let (X, T 1,0X) be a compact connected CR manifold of real dimen-
sion 2n − 1, n ≥ 2, where T 1,0X is the given CR structure on X . For
p, q = 0, 1, · · · , n − 1, let Ωp,q(X) be the space of smooth (p, q)-forms
on X . Associated to the CR structure, there naturally comes the tan-
gential Cauchy-Riemann operator ∂b, which shares similar properties
as ∂-operator on complex manifolds. For example, ∂
2
b = 0. It induces
a complex {Ωp,•(X), ∂b} which is called ∂b-complex, and an intrinsic
cohomology theory known as Kohn-Rossi cohomology, say Hp,qb (X) de-
fined as Hp,qb (X) := Ker∂b|Ωp,q(X)/Im∂b|Ωp,q−1(X). For references, we
refer to [6, 10, 20].
One of the most significant feature of differential geometry is the
input of a specific metric. CR geometry is not an exception. Putting a
Hermitian metric into the CR strcuture, in a quite standard way, one
get the so called b-operator.
The mystry of the geometry of CR mainfold lies behind ∂b and b-
operator.
One may expect many Riemannian geometric methods, which have
shown great power in the study of fundamental problems in Riemann-
ian geometry, such as gradient estimate, eigenvalue estimate, the anal-
ysis of heat kernel and so on, can be adapted into the CR picture.
However, both the ∂b and b operators are not elliptic operators,
which put much more thorns on the way for CR geometers.
For the time being, there are many progress towards the study of ∂b
and b, or in other words, the study of Kohn-Rossi cohomology and
CR eigenvalue estimate, most of which focus on strongly pseudoconvex
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CR manifolds. For example, the embedding problem of the CR mani-
folds (c.f. [1, 2, 5, 7, 8, 13, 16, 21, 23, 25, 26, 27, 28, 36, 37, 42, 43]),
and the study of the isolated singularities of complex hypersurfaces (c.f.
[32, 33, 34, 35, 39, 40]). It is worth to mention that Stephen Yau and
his coauthors have found many important and remarkable applications
of the Kohn-Rossi cohomology to the theory of singularities, complex
Plateau problem, the embedding problem of the CR manifolds, and
rigidity problems on CR morphisms between compact strongly pseu-
doconvex CR manifolds ([12, 29, 44, 45, 47, 46, 48]).
Though there are important progress, the CR eigenvalue estimate
and Kohn-Rossi cohomology of general CR manifold, for example, CR
manifolds which is not necessarily strongly pseudoconvex, are not so
well understood. This is the main concern of this paper.
In this paper, we take the task of studying the CR eigenvalue esti-
mate and Kohn-Rossi cohomology of a compact connected CR manifold
X admitting a transversal CR S1-action, which is only assumed to be
weakly pseudoconvex.
Thanks to the S1-action, we have the decomposition Ωp,q(X) =
⊕m∈ZΩp,qm (X), where Ωp,qm (X) is the m-th Fourier component of Ωp,q(X)
with respect to the S1-action, and the ∂b operator acts on the graded
algebra ⊕qΩp,qm (X). One can thus define the m-th Fourier component
Hp,qb,m(X) of (p, q)-th Kohn-Rossi cohomology group H
p,q
b (X). Let 
p,q
b,m
be the restriction of the ∂b-Laplace operator to the space Ω
p,q
m (X), which
turns out to be a self-adjoint elliptic operator. Let Hp,qb,m,≤λ be the lin-
ear span of the eigenforms of p,qb,m in Ω
p,q
m (X) with eigenvalues smaller
than or equal to λ. By a Hodge type theory, Hp,qb,m,≤0(X) := Hp,qb,m(X)
is the space of p,qb,m harmonic forms, and isomorphic to H
p,q
b,m(X). In
particular, Hp,qb,m(X) is of finite dimension for every m ∈ Z.
The first main result of this paper is the following asymptotic esti-
mate for the distribution of eigenvalues of n−1,qb,m .
Theorem 1.1. Let (X, T 1,0X) be a compact connected CR manifold of
dimension 2n − 1, n ≥ 2, where T 1,0X is the given CR structure on
X. Assume that X admits a transversal CR S1 action and X is weakly
pseudoconvex. Then for m sufficiently large, if 0 ≤ λ ≤ m,
dimHn−1,qb,m,≤λ ≤ C(λ+ 1)qmn−1−q,
and if 1 ≤ m ≤ λ,
dimHn−1,qb,m,≤λ ≤ Cλn−1.
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It is worth to mention that, examples are provided in Section 7 to
show that the growth order, say mn−1−q in our Theorem 1.1 can not
be improved in general.
Taking account of the transversal CR S1-action, we want to ask
more structures for the Kohn-Rossi cohomology. To this end, we get
our second main result as follows.
Theorem 1.2 (Serre type duality theorem). Let X be a compact CR-
manifold of real dimension 2n− 1, which admits a transversal CR S1-
action which is locally free. Then we have the following conjugate linear
isomorphism in the cohomologcial level
Hp,qm (X) ≃ Hn−1−p,n−1−q−m (X).
With Serre type duality in hand, Theorem 1.1 gives us the following
Theorem 1.3. Let X be a compact CR-manifold of real dimension
2n−1, which admits a transversal S1-action which is locally free. Sup-
pose that X is a weakly pseudo-convex CR manifold. Then we have
that for q ≥ 1,
dimH0,q−m(X) ≤ Cmn−1−q, as m→ +∞.
It is worth to mention that Theorem 1.3 improves very much the
corresponding estimates of Hsiao and Li in [19]. Namely, under the
same assumption of Theorem 1.3, Hsiao and Li obtained the following
estimate: dimH0,q−m(X) = o(m
n−1) as m→ +∞.
Several applications of our main result are in order, among which,
we answer an open problem informed to us by Hsiao.
Firstly, combining Morse type inequalities in [19] with Theorem 1.2,
there comes the following
Theorem 1.4. Let X be a compact connected CR manifold with a
transversal CR S1-action. Assume that dimRX = 2n− 1, n ≥ 2. Then
for every q = 0, 1, · · · , n− 1, as m→ +∞, we have
dimHn−1,qb,−m (X) ≤
mn−1
2pin
∫
X(n−1−q)
| detLx|dvX(x) + o(mn−1),
q∑
j=0
(−1)q−jdimHjb,m(X)
≤ m
n−1
2pin
q∑
j=0
(−1)q−j
∫
X(j)
| detLx|dvX(x) + o(mn−1).
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In particular, when q = n − 1, as m → +∞, we have the asymptotic
Riemann-Roch theorem
n−1∑
j=0
(−1)j dimHjb,m(X) =
mn−1
2pin
n−1∑
j=0
∫
X(j)
| detLx|dvX(x) + o(mn−1).
Theorem 1.5. Let X be a compact connected CR manifold with a
transversal CR S1-action. Assume that dimRX = 2n− 1, n ≥ 2. For
every q = 0, 1, 2, · · · , n− 1, as m→ +∞, we have
dimHn−1,qb,m (X) ≤
mn−1
2pin
∫
X(q)
| detLx|dvX(x) + o(mn−1),
n−1∑
j=n−1−q
(−1)n−1+q−j dimHn−1,jb,m (X)
≤ m
n−1
2pin
n−1∑
j=n−1−q
(−1)n−1+q−j
∫
X(j)
| detLx|dvX(x) + o(mn−1).
In particular, when q = n − 1, as m → +∞, we have the following
asymptotic Riemann-Roch theorem
n−1∑
j=0
(−1)j dimHn−1,jb,m (X) =
mn−1
2pin
n−1∑
j=0
(−1)j
∫
X(j)
| detLx|dvX(x) + o(mn−1).
Remark 1.1. As a complement of Theorem 1.4 and Theorem 1.5, we
point out that, by almost the same proof as in [19], under the same
assumptions, one can prove the corresponding strong Morse type in-
equalities for the complex (Ωn−1,•b,m (X), ∂b) as follows. For every q =
0, 1, · · · , n− 1, as m→ +∞, we have
q∑
j=0
(−1)q−jdimHn−1,jb,m (X)
≤ m
n−1
2pin
q∑
j=0
(−1)q−j
∫
X(j)
| detLx|dvX(x) + o(mn−1);
and as m→ −∞, we have
q∑
j=0
(−1)q−j dimHn−1,jb,m (X)
≤ |m|
n−1
2pin
q∑
j=0
(−1)q−j
∫
X(n−1−j)
| detLx|dvX(x) + o(|m|n−1).
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Combining Theorem 1.1 and Theorem 1.5, we can obtain the follow-
ing
Theorem 1.6 (Grauert-Riemenschneider type criterion). Let (X, T 1,0X)
be a compact connected CR manifold of dimension 2n − 1, n ≥ 2,
where T 1,0X is the given CR structure on X. Assume that X admits
a transversal CR S1-action. If X is weakly pseudo-convex and strongly
pseudo-convex at a point, then
dimHn−1,0b,m (X) ≈ mn−1 as m→ +∞.
That is to say, there are a lot of CR sections of the canonical bundle
KX of X.
Remark 1.2. Theorem 1.6 can be used to study the embedding problem
for weakly pseudoconvex CR manifolds with transversal CR S1-action,
which will be discussed in a future work.
Orbifold appears frequently when you do some quotients in algebraic
geometry and reductions in mathematical physics, for example in the
process of symplectic reduction. It is also a simplest case of singular
space. An open problem, informed to us by Hsiao, is to ask that
whether similar estimate as in Theorem 1.1 also holds for compact CR
orbifold. Here, we say the answer is yes, by establishing the following
Theorem 1.7. Let (X, T 1,0X) be a compact connected CR orbifold of
dimension 2n − 1, n ≥ 2, where T 1,0X is the given CR structure on
X. Assume that X admits a transversal CR S1-action and X is weakly
pseudoconvex. Then for m sufficiently large, if 0 ≤ λ ≤ m,
dimHn−1,qb,m,≤λ ≤ C(λ+ 1)qmn−1−q,
and if 1 ≤ m ≤ λ,
dimHn−1,qb,m,≤λ ≤ Cλn−1.
Moreover, we establish the following isomorphism of Grauert type in
the orbifold level, which we think is of independent interest.
Theorem 1.8. Let M be a compact complex manifold and G a com-
pact Lie group. Suppose that G acts on M analytically, locally free
and dimCM/G = n. Let L be a G-invariant holomorphic Hermitian
line bundle over M . Suppose that L admits a locally free G-action
compatible with M . Take any orbifold Hermitian metric hL (i.e. G-
invariant Hermitian metric) on L, it induces an orbifold Hermitian
metric hL
∗
on L∗, set X˜ = {v ∈ L∗||v|2
hL∗ = 1} and X = X˜/G. Then
for every p, q = 0, 1, · · · , n and every m ∈ Z, there is a bijective map
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A
(p,q)
m : Ω
(p,q)
m (X) → Ω(p,q)(M,Lm) such that A(p,q+1)m ∂b,m = ∂A(p,q)m on
Ω
(p,q)
m (X). Thus we have that
Ωp,qm (X) ≃ Ωp,q(M,Lm)
Hp,qb,m(X) ≃ Hp,q(M,Lm).
In particular, dimHp,qb,m(X) <∞.
It should be remarked that the case of p = 0 of Theorem 1.8 was
established in [9]. From Theorem 1.7 and Theorem 1.8, we obtain the
following
Theorem 1.9. Let M be a compact complex manifold and G a com-
pact Lie group. Suppose that G acts on M analytically, locally free and
dimCM/G = n. Let L be a G-invariant holomorphic Hermitian line
bundle over M . Suppose that L admits a locally free G-action compati-
ble with M and the curvature of L is semi-positive. Then we have that
for m sufficiently large,
dimHn,q(M/G,Lm/G) ≤ Cmn−q,
where C is a constant independent of m.
We also remark that we can generalize Berndtsson’s estimate to the
compact Hermitian orbifold case as follows:
Theorem 1.10. Let (X,ω) be a compact Hermitian orbifold of com-
plex dimension n and (L, h)→ X be a holomorphic Hermitian orbifold
line bundle with semipositive curvature. Let E → X be an arbitrary
holomorphic Hermitian orbifold vector bundle. Let  be the ∂-Laplace
operator act on Ωp,q(M,Lm ⊗ E). The space Hp,q≤λ(M,Lm ⊗ E) is sim-
ilarly defined as above. Then we have that for m sufficiently large, if
0 ≤ λ ≤ m, dimHn,q≤λ(X,Lm ⊗E) ≤ C(λ+ 1)qmn−q, and if 1 ≤ k ≤ λ,
dimHn,q≤λ(X,Lm ⊗ E) ≤ Cλn.
To close the introduction, we sketch the proof of Theorem 1.1. By
Baouendi-Rothschild-Treves [3], we get a picture of the local structure
of CR manifolds with transversal CR S1 action. In fact, locally, it is
a part of the a circle bundle, i.e. it can be decomposed to complex
ball in Cn−1 times a small angle, say U =: Bε × (−δ, δ). Our first key
observation is that, on U , ∂b-operator, b-operator, and any ∂b-closed
(n− 1, q) form admit very good representations, say by ignoring some
rotations, they coincide with the ∂-operator, -operator and ∂-closed
(n− 1, q)-forms on the complex ball Bε. Our second key observation is
that the weakly pseudoconvexity condition provides us a local poten-
tial, which is plurisubharmonic on Bε. All these observations inspire us
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to construct trivial holomorphic line bundle over Bε, and let the local
potential serves as a Hermitian metric of this line bundle, and then we
can translate the CR eigenvalue estimate problem to a counterpart in
the category of complex holomorphy. To do this, we modify Berndts-
son’s trick, do careful analysis. Finally and fortunately, Theorem 1.1
turns up in this paper.
2. CR manifold with transversal CR S1-action
Let (X, T 1,0X) be a compact connected CR manifold of dimension
2n − 1, n ≥ 2, where T 1,0X is the given CR structure on X . That
is, T 1,0X is a sub-bundle of the complexified tangent bundle CTX of
rank n−1, satisfying T 1,0X ∩T 0,1X = {0}, where T 0,1X = T 1,0X , and
[V,V] ⊂ V, where V = C∞(X, T 1,0X).
We assume throughout this paper that, (X, T 1,0X) is a compact
connected CR manifold with a transversal CR S1-action
Denote by eiθ (0 ≤ θ < 2pi) the S1-action: S1 ×X → X , (eiθ, x) 7→
eiθ ◦x. Set Xreg = {x ∈ X : ∀eiθ ∈ S1, if eiθ ◦x = x, then eiθ = id}. We
call x ∈ Xreg a regular point of the S1-action. It is proved in [19] that
Xreg is an open, dense subset of X , and thus the measure of X \Xreg
is zero.
Let T ∈ C∞(X, TX) be the global real vector field induced by the
S1-action eiθ (θ ∈ [0, 2pi)) given as follows
(Tu)(x) =
∂
∂θ
(u(eiθ ◦ x))∣∣
θ=0
, u ∈ C∞(X).
Definition 2.1. We say that the S1-action is CR if
[T, C∞(X, T 1,0X)] ⊂ C∞(X, T 1,0X),
where [, ] is the Lie bracket between the smooth vector fields on X.
Furthermore, we say that the S1-action is transversal if for each x ∈ X,
CT (x)⊕ T 1,0x X ⊕ T 0,1x X = CTxX.
Denote by ω0 the global real 1-form determined by 〈ω0, u〉 = 0, for
every u ∈ T 1,0X ⊕ T 0,1X and 〈ω0, T 〉 = −1.
Definition 2.2. For x ∈ X, the Levi form Lx associated with the CR
structure is the Hermitian quadratic form on T 1,0x X defined as follows.
For any U, V ∈ T 1,0x X, pick U ,V ∈ C∞(X, T 1,0X) such that U(x) = U ,
V(x) = V . Set
Lx(U, V ) = 1
2i
〈[U ,V](x), ω0(x)〉
where [, ] denotes the Lie bracket between smooth vector fields. Note
that Lx does not depend on the choice of U and V.
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Definition 2.3. The CR structure on X is called (weakly) pseudo-
convex at x ∈ X if Lx is positive semi-definite. It is called strongly
pseudo-convex at x if Lx is positive definite. If the CR structure is
(strongly) pseudo-convex at every point of X, then X is called a (strongly)
pseudo-convex CR manifold.
Denote by T ∗1,0X and T ∗0,1X the dual bundle of T 1,0X and T 0,1X
respectively. Define the vector bundle of (p, q)-forms by T ∗p,qX :=
ΛpT ∗1,0X ⊗ ΛqT ∗0,1X . Let D ⊂ X be an open subset. Let Ωp,q(D)
denote the space of smooth sections of T ∗p,qX over D and let Ωp,q0 (D)
be the subspace of Ωp,q(D) whose elements have compact support in
D.
Fix θ0 ∈ [0, 2pi). Let
deiθ0 : CTxX → CTeiθ0xX
denote the differential map of eiθ0 : X → X . By the property of
transversal CR S1-action, one can check that
deiθ0 : T 1,0x X → T 1,0eiθ0xX,
deiθ0 : T 0,1x X → T 0,1eiθ0xX,(1)
deiθ0(T (x)) = T (eiθ0 ◦ x).
Let (deiθ0)∗ : Λp+q(CT ∗X) → Λp+q(CT ∗X) be the pull-back of deiθ0,
p, q = 0, 1, · · · , n − 1. From (7), we can check that for every p, q =
0, 1, · · · , n− 1,
(deiθ0)∗ : T ∗p,q
eiθ0◦xX → T ∗p,qx X.(2)
Let u ∈ Ωp,q(X), define Tu as follows. For any X1, · · · , Xp ∈ T 1,0x X
and Y1, · · · , Yq ∈ T 0,1x X
Tu(X1, · · · , Xp; Y1, · · · , Yq) := ∂
∂θ
((deiθ)∗u(X1, · · · , Xp; Y1, · · · , Yq))|θ=0.
From (1) and (2), we have that Tu ∈ Ωp,q(X) for all u ∈ Ωp,q(X).
Let ∂b : Ω
p,q(X) → Ωp,q+1(X) be the tangential Cauchy-Riemann
operator. For the definition of tangential Cauchy-Riemann operator,
we refer to [6, 10, 20]. It is straightforward from (1) and (2) to see that
T∂b = ∂bT
on Ωp,q(X). For every m ∈ Z, put Ωp,qm (X) := {u ∈ Ωp,q(X) : Tu =
imu}. We have the ∂b-complex for every m ∈ Z:
· · · → Ωp,q−1m (X)→ Ωp,qm (X)→ Ωp,q+1m (X)→ · · ·
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For every m ∈ Z, the (p, q)-th ∂b cohomology (or Kohn-Rossi cohomol-
ogy) is given by
Hp,qb,m(X) :=
Ker∂b : Ω
p,q
m (X)→ Ωp,q+1m (X)
Im∂b : Ω
p,q−1
m (X)→ Ωp,qm (X)
.
For m ∈ Z, when q = 0, H0,0b,m(X) is the space of CR functions
which lie in the eigenspace of T and we call H0,0b,m(X) the m-th Fourier
component of CR functions. We say that a function u ∈ C∞(X) is a
Cauchy-Riemann (CR for short) function if ∂bu = 0 or in the other
word, Zu = 0 for all Z ∈ C∞(X, T 1,0X).
3. Metric input: Hermtian CR geometry under
transversal CR S1-action
In this section, we collect facts we need on Hermtian CR geometry
under transversal CR S1-action. Lemmas and Theorems not specified
are taken from [19].
Definition 3.1. Let D be an open set and let V ∈ C∞(D,CTX) be a
vector field on D. We say that V is T -rigid if
deiθ(V (x)) = V (eiθ ◦ x)
for any x, θ ∈ [0, 2pi) satisfying x ∈ D, eiθ ◦ x ∈ D.
Definition 3.2. Let 〈·|·〉 be a Hermitian metric on CTX. We say that
〈·|·〉 is T -rigid if for T -rigid vector fields V,W on D, where D is any
open set, we have
〈V (x)|W (x)〉 = 〈(deiθV )(eiθ ◦ x)|(deiθW )(eiθ ◦ x)〉,
for any x ∈ D, θ ∈ [0, 2pi) such that eiθ ◦ x ∈ D.
Lemma 3.1. Let X be a compact connected CR manifold with a transver-
sal S1-action. There is always a T -rigid Hermitian metric 〈·|·〉 on CTX
such that T 1,0X ⊥ T 0,1X, T ⊥ (T 1,0X ⊕ T 0,1X), 〈T |T 〉 = 1 and 〈u|v〉
is real if u, v are real tangent vectors.
From now on, we fix a T -rigid Hermitian metric 〈·|·〉 on CTX sat-
isfying all the properties in Lemma 3.1. The Hermitian metric 〈·|·〉
on CTX induces by duality a Hermitian metric on CT ∗X and also on
the bundles of (p, q)-forms for p, q = 0, 1, · · · , n− 1. We shall also de-
note all these induced metrics by 〈·|·〉. For every v ∈ T ∗p,qX , we write
|v|2 := 〈v|v〉. We have the pointwise orthogonal decompositions:
CT ∗X = T ∗1,0X ⊕ T ∗0,1X ⊕ {λω0 : λ ∈ C},
CTX = T 1,0X ⊕ T 0,1X ⊕ {λT : λ ∈ C}.
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For any p ∈ X , locally there is an orthonormal frame {U1, · · · , Un−1}
of T 1,0X with respect to the given T -rigid Hermitian metric 〈·|·〉 such
that the Levi-form Lp is diagonal in this frame, Lp(Ui, U j) = λjδij,
where δij = 1 if i = j, δij = 0 if i 6= j. The entries {λ1, · · · , λn−1} are
called the eigenvalues of the Levi-form at p with respect to the T -rigid
Hermitian metric 〈·|·〉. Moreover, the determinant of Lp is defined by
detLp = λ1(p) · · ·λn−1(p).
Let (·|·) be the L2 inner product on Ωp,q(X) induced by 〈·|·〉 and let
‖ · ‖ denote the corresponding norm. Then for all u, v ∈ Ωp,q(X)
(u|v) =
∫
X
〈u|v〉dvX
where dvX is the volume form on X induced by the T -rigid Hermitian
metric. Let L2(p,q),m(X) be the completion of Ω
p,q
m (X) with respect to
(·|·). For m ∈ Z, let
Q(p,q)m : L
2
(p,q)(X)→ L2(p,q),m(X)
be the orthogonal projection with respect to (·|·). Then for any u ∈
Ωp,q(X),
Q(p,q)m u =
1
2pi
∫ pi
−pi
u(eiθ ◦ x)e−imθdθ.
By using the elementary Fourier analysis, it is straightforward to see
that for any u ∈ Ωp,q(X),
N∑
m=−N
Q(p,q)m u→ u
in C∞ topology as N →∞. For every u ∈ L2(p,q)(X),
N∑
m=−N
Q(p,q)m u→ u
in L2(p,q)(X) as N → ∞. If we denote the limN→∞
∑N
m=−N Q
(p,q)
m u by∑
m∈ZQ
(p,q)
m u, then we write u =
∑
m∈ZQ
(p,q)
m u. Thus we have the
following Fourier decomposition
Ωp,q(X) = ⊕m∈ZΩp,qm (X), L2(p,q)(X) = ⊕m∈ZL2(p,q),m(X).
We have the following Fourier decomposition of the (p, q)-th Kohn-
Rossi cohomology
Hp,qb (X) ≃ ⊕m∈ZHp,qb,m(X).
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Let ∂
∗
b : Ω
p,q+1(X)→ Ωp,q(X) be the formal adjoint of ∂b with respect
to (·|·). Since the Hermitian metrics 〈·|·〉 are T -rigid, we can check that
T∂
∗
b = ∂
∗
bT
on Ωp,q(X) for p, q = 0, 1, · · · , n− 1 and thus
∂
∗
b : Ω
p,q+1
m (X)→ Ωp,qm (X), ∀m ∈ Z.
Put

(p,q)
b := ∂b∂
∗
b + ∂
∗
b∂b : Ω
p,q(X)→ Ωp,q(X).
We also have that
T
(p,q)
b = 
(p,q)
b T,
thus

(p,q)
b : Ω
p,q
m (X)→ Ωp,qm (X)
We will write 
(p,q)
b,m to denote the restriction of 
(p,q)
b on Ω
p,q
m (X). For
every m ∈ Z, we extend (p,q)b,m to L2(p,q),m(X) by

(p,q)
b,m : Dom(
(p,q)
b,m ) ⊂ L2(p,q),m(X)→ L2(p,q),m(X),
where Dom(
(p,q)
b,m ) = {u ∈ L2(p,q),m(X) : (p,q)b,m u ∈ L2(p,q),m(X) in the
sense of distribution }.
Theorem 3.2. For every s ∈ N0 := N ∪ {0}, there exists a constant
Cs such that
‖u‖s+1 ≤ Cs
(‖(p,q)b u‖s + ‖Tu‖s + ‖u‖s), ∀u ∈ Ωp,q(X),
where ‖ · ‖s denotes the standard sobolev norm of order s on X.
Theorem 3.3. Fix m ∈ Z, for every s ∈ N0, there is a constant Cs,m
such that
‖u‖s+1 ≤ Cs,m
(‖(p,q)b,m u‖s + ‖u‖s), ∀u ∈ Ωp,qm (X).
Theorem 3.4. Fix m ∈ Z, (p,q)b,m : Dom((p,q)b,m ) ⊂ L2(p,q),m(X) →
L2(p,q),m(X), is a self-adjoint operator. The spectrum of 
(p,q)
b,m denoted by
Spec(
(p,q)
b,m ) is a discrete subset of [0,+∞). For every λ ∈Spec((p,q)b,m )
the eigenspace with respect to λ
Hp,qb,m,λ(X) =
{
u ∈ Dom((p,q)b,m ) : (p,q)b,m u = λu
}
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is finite dimensional withHp,qb,m,λ(X) ⊂ Ωp,qm (X) and for λ = 0 we denote
by Hp,qb,m(X) the harmonic space Hp,qb,m,0(X) for brevity and then we have
the Dolbeault isomorphism
Hp,qb,m(X) ≃ Hp,qb,m(X).
In particular, we have
dimHp,qb,m(X) <∞, ∀m ∈ Z, ∀ 0 ≤ p, q ≤ n− 1.
For λ ≥ 0, we collect the eigenspace of (p,q)b,m whose eigenvalue is less
than or equal to λ and define
Hp,qb,m,≤λ := ⊕σ≤λHp,qb,m,σ(X),
Z
p,q
b,m,≤λ := Ker∂b ∩Hp,qb,m,≤λ.
The Szego¨ kernel function of the space Z p,qb,m,≤λ is defined as
Πp,qm,≤λ(x) :=
dm∑
j=1
|gj(x)|2,
where {gj}dmj=1 is any orthonormal basis for the space Z p,qb,m,≤λ.
It is easy to see that
dimZ p,qb,m,≤λ =
∫
X
Πp,qm,≤λdvX .(3)
The extremal function Sp,qm,≤λ for y ∈ X is defined by
Sp,qm,≤λ(y) := sup
u∈Z p,q
b,m,≤λ,‖u‖=1
|u(y)|2.
The next lemma is classical in Bergman’s theory of reproducing ker-
nels.
Lemma 3.5 (c.f. [4]). For any y ∈ X,
Sp,qm,≤σ(y) ≤ Πp,qm,≤σ(y) ≤
(
n− 1
p
)(
n− 1
q
)
Sp,qm,≤σ(y).
In particular,∫
X
Sp,qm,≤σ(y)dvX ≤ dimZ p,qb,m,≤λ ≤
(
n− 1
p
)(
n− 1
q
)∫
X
Sp,qm,≤σ(y)dvX.
For the proof of the above Lemma, we refer to [4, Page 308, Lemma
4.1].
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Remark 3.1. A typical example of compact CR manifold with transver-
sal CR S1-action is the Grauert tube. Let M be a compact Hermit-
ian manifold of complex dimension n, (L, h) → M be a holomor-
phic line bundle. Denote by Θ the curvature of (L, h). Let X be
the circle bundle {v ∈ L∗ : |v|2h−1 = 1} over M . X is a real hy-
persurface in the complex manifold L∗ which is the boundary of the
disc bundle D = {v ∈ L∗ : |v|2h−1 < 1}, with the defining function
ρ = |v|2h−1 − 1. The Levi form of ρ restricted to the complex tangent
plane of X coincides with the pull-back of Θ through the canonical pro-
jection pi : X → M . It is a well-known fact to the expert (c.f. [9,
Theorem 1.2]) that
• the space Ωp,qm (X) can be identified with the space Ωp,q(M,Lm),
• for each integer m, we get a subcomplex (Ωp,•m (X), ∂b) which is
isomorphic to the Dolbeault complex (Ωp,•(M,Lm), ∂), thus we
get that the Kohn-Rossi cohomology group Hp,qb,m(X) is isomor-
phic to the Dolbeault cohomology group Hp,q(M,Lm).
Grauert tube was first introduced by Grauert [15]. Grauert estab-
lished the identification of sections of line bundle L over M and CR
functions on X. This identification was used by Zelditch [49] to study
the asymptotic expansion of Bergman kernels. Further developments
(e.g. the identification of Ω0,qm (X) with Ω
0,q(M,Lm) for q ≥ 0), we
refer to [9, 30].
It is worth to point out that, from almost the same proof of Theorem
1.2 in [9], one can get that Hp,qb,m,≤λ(X) ≃ Hp,q≤λ(M,Lm).
Meanwhile, there are also many examples of compact CR manifolds
with transversal CR S1-action which are not tube type. For example,
let X = {(z1, z2) ∈ C2 : |z1|2+ |z1+z22 |2+ |z2|2 = 1} which is a compact
CR manifold with a transversal CR S1-action defined by
X × S1 → X
(z1, z2) 7→ (eiθz1, e2iθz2).
The S1-action defined above is locally free and free on a dense, con-
nected open subset {(z1, z2) ∈ X : z1 6= 0}. Note that the CR S1 action
on the boundary of a Grauert tube is globally free.
4. Local picture: canonical local coordinates
In this section, we draw the local picture for compcat connected CR
manifolds with transversal CR S1-action. The following result is due
to Baouendi-Rothschild-Treves [3].
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Theorem 4.1 (c.f. [3]). Let X be a compact CR manifold of dimX =
2n−1, n ≥ 2 with a transversal CR S1-action. Let 〈·|·〉 be the given T -
rigid Hermitian metric on X. For any point x0 ∈ X, there exists local
coordinates (x1, · · · , x2n−1) = (z, θ) = (z1, · · · , zn−1, θ), zj = x2j−1 +
ix2j, j = 1, · · · , n − 1, x2n−1 = θ, defined in some small neighborhood
D = {(z, θ) : |z| < ε, |θ| < δ} of x0 such that
T =
∂
∂θ
Zj =
∂
∂zj
+ i
∂ϕ(z)
∂zj
∂
∂θ
, j = 1, · · · , n− 1,
where {Zj(x)}n−1j=1 form a basis of T 1,0x X for each x ∈ D and ϕ(z) ∈
C∞(D,R) is independent of θ. Moreover, on D we can take (z, θ) and
ϕ so that (z(x0), θ(x0)) = (0, 0) and ϕ(z) =
∑n−1
j=1 λj|zj |2 + O(|z|3),
∀(z, θ) ∈ D, where {λj}n−1j=1 are the eigenvalues of Levi-form of X at x0
with respect to the given T -rigid Hermitian metric on X.
Remark 4.1. It was proved in [19] that if x0 ∈ Xreg, δ can be taken
to be pi, and if x0 is not a regular point, say x0 ∈ Xk, δ can be taken
to be any positive number smaller than pi
k
.
From Definition 2.2, by easy computation, one can get that
Proposition 4.2. Let X be a compact CR manifold of dimension 2n−
1, n ≥ 2 with a transversal CR S1-action. Let 〈·|·〉 be the given T -rigid
Hermitian metric on X. Let D be a canonical local patch with canonical
coordinates (z, θ, ϕ) such that (z, θ, ϕ) is trivial at x0 as in Theorem 4.1.
Suppose that X is pseudo-convex, then i∂∂ϕ ≥ 0 as a (1, 1)-form on
D˜.
Lemma 4.3 ( [19]). Fix x0 ∈ X and let D = D˜ × (−δ, δ) ⊂ Cn−1 × R
be a canonical local patch with canonical coordinates (z, θ, ϕ) such that
(z, θ, ϕ) is trivial at x0. The T -rigid Hermitian metric on D induces
an Hermitian metric on T ∗1,0 in a standard way. Up to a coordinate
transformation if necessary, we can find orthonormal frame {ej}n−1j=1
of T ∗1,0 with respect to the fixed T -rigid Hermitian metric such that
on D, we have ej(x) = ej(z) = dzj + O(|z|), ∀x = (z, θ) ∈ D, j =
1, · · · , n − 1. Moreover, if we denote by dvX the volume form with
respect to the T -rigid Hermitian metric on CTX, then on D we have
dvX = λ(z)dv(z)dθ with λ(z) ∈ C∞(D˜,R) which does not depend on θ
and dv(z) = 2n−1dx1 · · · dx2n−2.
Remark 4.2 (c.f. [19]). For any x0 ∈ X, let D = D˜ × (−δ, δ) ⊂
C
n−1×R be a canonical local patch with canonical coordinates (z, θ, ϕ)
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such that (z, θ, ϕ) is trivial at x0. We identify D˜ with an open subset
of Cn−1 with complex coordinates z = (z1, · · · , zn−1). Since {dzj}n−1j=1 is
a frame of T ∗1,0D over D, we will treat them as the frame of T ∗1,0D˜
which is the bundle of (1, 0)-forms over the domain D˜. Let (gk¯j(z)) be
the Hermitian metric on T ∗1,0D˜ defined in the proof of Lemma 4.3. It
induces Hermitian metrics on T 1,0D˜ and T ∗,p,qD˜ in a canonical way.
We denote by the induced Hermitian metric on T 1,0D˜ by ω.
As an example, for the local canonical coordinate and the metric
chosen in Lemma 4.3, one can see that on D˜, ω =
∑n−1
j=1 e
j ∧ ej, and
ω(x0) =
∑n−1
j=1 dzj ∧ dzj.
With respect to the given Hermitian metric ω on T 1,0D˜, the volume
form on D˜ is given by ωn−1 := ω
n−1
(n−1)! = λ(z)dv(z). Here, λ(z) ∈
C∞(D˜,R) is the function defined in Lemma 4.3.
5. Local representations of ∂b, ∂
∗
b and 
(p,q)
b,m
By the same calculations as in [19], we have the following local rep-
resentation of the operators mentioned above.
Lemma 5.1. For all u ∈ Ωp,qm (X), on D we have
∂bu = e
imθe−mϕ∂(emϕe−imθu), ∂
∗
bu = e
imθe−mϕ∂
∗,2mϕ
(emϕe−imθu)

(p,q)
b,m u = e
imθe−mϕ(p,q)2mϕ(e
mϕe−imθu).
Based on Lemma 5.1, we go a little bit further by direct computations
to get the following
Lemma 5.2. Suppose that u ∈ Ωp,qm (X) satisfies (p,q)b,m u = λu. We
define u˜ := emϕe−imθu, then u˜ ∈ Ωp,qm (D˜) and the following equality
holds on D˜:

(p,q)
2mϕu˜ = λu˜.
Furthermore, for any u ∈ Hp,qb,m,≤σ(X), we get a form u˜ ∈ Hp,q2mϕ,≤σ(D˜),
where Hp,qb,m,≤σ(X) (resp. Hp,q2mϕ,≤σ(D˜)) is the linear span of the eigen-
forms of 
(p,q)
b,m (resp. 
(p,q)
2mϕ ) with eigenvalue less than or equal to σ
on X (resp. on D˜).
Now we recall the so-called Siu’s ∂∂-formula. Let (L, h) be a holo-
morphic Hermitian line bundle over a compact complex n-fold (X,ω)
and α be a L-valued (n, q)-form. The Hodge-∗ operator is defined by
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the formula
α ∧ ∗α = |α|2ωn,(4)
where ωn = ω
n/n!. We define an (n − q, n − q)-form Tα associated to
α in a local trivialization as
Tα = cn−qγ ∧ γe−ψ,(5)
where γ = ∗α, cn−q = i(n−q)2 and ψ defines the metric of L. Note that
the form Tα is well defined globally.
Lemma 5.3 (c.f. [4]). Let α be an L-valued (n, q)-form. If α is ∂-
closed
i∂∂(Tα ∧ ωq−1) ≥
(− 2Re〈α, α〉+ 〈ΘL ∧ Λα, α〉 − c|α|2)ωn,
where ΘL is the curvature of (L, h) and locally ΘL can be written as
ΘL = i∂∂ψ if ψ is the local potential of h, i.e. h = e
−ψ. The constant
c is equal to zero if ∂ωq−1 = ∂ωq = 0.
Remark 5.1. The expressions of the operator ∂
∗
maybe different in
the compact case and in the noncompact case. But if we consider it as
the formal adjoint of the operator ∂, the expressions should always be
the same. If we consider the formal adjoint, the formula in Lemma 5.3
is pointwise in its nature.
6. A preparation for localization procedure: the scaling
technique
In this section, we prepare necessary tools for the localization pre-
cedure needed in the proof of Theorem 1.1. This is a modification of
results in [19].
Fix x0 ∈ X , we take canonical local patch D = D˜×(−δ, δ) = {(z, θ) :
|z| < ε, |θ| < δ} with canonical coordinates (z, θ, ϕ) such that (z, θ, ϕ)
is trivial at x0. In this section, we identify D˜ with an open subset
of Cn−1 = R2n−2 with complex coordinates z = (z1, · · · , zn−1). Let
L1 ∈ T 1,0D˜, · · · , Ln−1 ∈ T 1,0D˜ be the dual frame of e1, · · · , en−1 with
respect to the T -rigid Hermitian metric 〈·|·〉 defined in Remark 4.2.
Let ω be the induced Hermitian metric on T 1,0D˜.
Let Ωp,q(D˜) be the space of smooth (p, q)-forms on D˜ and let Ωp,q0 (D˜)
be the subspace of Ωp,q(D˜) whose elements have compact support in
D˜. Let
( · | · )
2ϕ
be the weighted inner product on the space Ωp,q0 (D˜)
defined as follows: (
f |g) = ∫
D˜
〈f |g〉e−2ϕ(z)λ(z)dv(z)
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where f, g ∈ Ωp,q0 (D˜) and λ(z) is as in Remark 4.2. We denote by
L2(p,q)(D˜, 2ϕ) the completion of Ω
p,q
0 (D˜) with respect to
( · | · )
2ϕ
. For
r > 0, let D˜r = {z ∈ Cn−1 : |z| < r}. Here {z ∈ Cn−1 : |z| < r} means
that {z ∈ Cn−1 : |zj | < r, j = 1, · · · , n − 1}. For m ∈ N, let Fm be
the scaling map Fm(z) =
(
z1√
m
, · · · , zn−1√
m
)
, z ∈ D˜logm. From now on, we
assume m is sufficiently large such that Fm(D˜logm) ⊂⊂ D˜. We define
the scaled bundle F ∗mT
∗p,qD˜ on D˜logm to be the bundle whose fiber at
z ∈ D˜logm is
F ∗mT
∗p,qD˜|z =
{ ∑′
|I|=p,|J |=q
aIJe
I
( z√
m
) ∧ eJ( z√
m
)
:
aIJ ∈ C, I, J strictly increasing
}
.
We take the Hermitian metric 〈·|·〉F ∗m on F ∗mT ∗p,qD˜ so that at each point
z ∈ D˜logm,{
eI
( z√
m
) ∧ eJ( z√
m
)
: |I| = p, |J | = q, I, J strictly increasing
}
is an orthonormal frame for F ∗mT
∗p,qD˜ on D˜logm.
Let F ∗mΩ
p,q
0 (D˜r) denote the space of smooth sections of F
∗
mΩ
p,q(D˜r)
whose elements have compact support in D˜r. Given f ∈ Ωp,q(D˜r).
We write f =
∑′
|J |=q fIJe
I ∧ eJ . We define the scaled form F ∗mf ∈
F ∗Ωp,q(D˜logm) by
F ∗mf =
∑′
IJ
fIJ(
z√
m
)eI
( z√
m
) ∧ eJ( z√
m
)
p, z ∈ D˜logm.
For brevity, we denote F ∗mf by f(
z√
m
). Let P be a partial differential
operator of order one on FmD˜logm with C∞ coefficients. We write P =∑2n−2
j=1 aj(z)
∂
∂xj
. The scaled partial differential operator P(m) on D˜logm
is given by P(m) =
∑2n−2
j=1 F
∗
maj
∂
∂xj
. Let f ∈ C∞(Fm(D˜logm)). We can
check that
P(m)(F
∗
mf) =
1√
m
F ∗m(Pf).(6)
Let ∂ : Ωp,q(D˜)→ Ωp,q+1(D˜) be the Cauchy-Riemann operator and we
have
∂ =
n−1∑
j=1
ej(z) ∧ Lj +
n−1∑
j=1
(∂ej)(z) ∧ (ej(z)∧)∗
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where (ej(z)∧)∗ : T ∗p,qD˜ → T ∗p,q−1D˜ is the adjoint of ej(z)∧ with
respect to the Hermitian metric 〈·|·〉 on T ∗p,qD˜ given in Remark 4.2,
j = 1, · · · , n− 1. That is
〈ej(z) ∧ u|v〉 = 〈u|(ej(z)∧)∗v〉
for all u ∈ T ∗p,q−1D˜, v ∈ T ∗p,qD˜. The scaled differential operator
∂(m) : F
∗
mΩ
p,q(D˜logm)→ F ∗mΩp,q+1(D˜logm) is given by
∂(m) =
n−1∑
j=1
ej(
z√
m
) ∧ Lj,(m) +
n−1∑
j=1
1√
m
(∂ej)(
z√
m
) ∧ (ej( z√
m
))∗.(7)
Similarly, (ej( z√
m
)∧)∗ : F ∗mT ∗p,qD˜ → F ∗mT ∗p,q−1D˜ is the adjoint of
ej( z√
m
)∧ with respect to 〈·|·〉F ∗m, j = 1, · · · , n − 1. From (6) and (7),
∂(m) satisfies that
∂(m)F
∗
mf =
1√
m
F ∗m(∂f), ∀f ∈ Ωp,q(Fm(D˜logm)).
Let
(·|·)
2mF ∗mϕ
be the weighted inner product on the space F ∗mΩ
p,q
0 (D˜logm)
defined as follows:(
f |g)
2mF ∗mϕ
=
∫
D˜logm
〈f |g〉F ∗me−2mF
∗
mϕλ(
z√
m
)dv(z).
Let ∂
∗
(m) : F
∗
mΩ
p,q+1(D˜logm) → F ∗mΩp,q(D˜logm) be the formal adjoint
of ∂(m) with respect to the weighted inner product
( · |·)2mF ∗mϕ. Let
∂
∗,2mϕ
: Ωp,q+1D˜ → Ωp,q(D˜) be the formal adjoint of ∂ with respect to
the weighted inner product
( · | · )
2mϕ
. Then we also have
∂
∗
(m)F
∗
mf =
1√
m
F ∗m(∂
∗,2mϕ
f), ∀f ∈ Ωp,q(Fm(D˜logm)).
We now define the scaled complex Laplacian 
(p,q)
(m) : F
∗
mΩ
p,q(D˜logm)→
F ∗mΩ
p,q(D˜logm) which is given by 
(p,q)
(m) = ∂
∗
(m)∂(m) + ∂(m)∂
∗
(m). Then
we can see that

(p,q)
(m) F
∗
mf =
1
m
F ∗m(
(p,q)
2mϕf), ∀f ∈ Ωp,q(Fm(D˜logm)).(8)
p Here

(p,q)
2mϕ = ∂∂
∗,2mϕ
+ ∂
∗,2mϕ
∂ : Ωp,q(D˜)→ Ωp,q(D˜)
is the complex Laplacian with respect to the given Hermitian metric
on T ∗p,q(D˜) and weight function 2mϕ(z) on D˜.
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Since 2mF ∗mϕ = 2Φ0(z) +
1√
m
O(|z|3), ∀z ∈ D˜logm, where Φ0(z) =∑n−1
j=1 λj|zj|2, we have
lim
m→∞
sup
D˜logm
|∂αz (2mF ∗mϕ− 2Φ0)| = 0, ∀α ∈ N2n−20 .
Consider Cn−1. Let 〈·|·〉Cn−1 be the Hermitian metric with constant
coefficients on T ∗p,qCn−1, such that at the origin, it is equal to ω(0).
Let
( · | · )
2Φ0
be the L2 inner product on Ωp,q0 (C
n−1) given by
(
f |g)
2Φ0
=
∫
Cn−1
〈f |g〉e−2Φ0(z)λ(0)dv(z), f, g ∈ Ωp,q0 (Cn−1),
where λ(0) is the value of the function λ(z) given in Remark 4.2 at x0.
Put

(p,q)
2Φ0
= ∂∂
∗,2Φ0
+ ∂
∗,2Φ0
∂ : Ωp,q(Cn−1)→ Ωp,q(Cn−1),(9)
where ∂
∗,2Φ0
is the formal adjoint of ∂ with respect to
( · | · )
2Φ0
.
It is not difficult to check that

(p,q)
(m) = 
p,q
2Φ0
+ εmPm(10)
on D˜logm, where P is a second order partial differential operator and
all the coefficients of Pm are uniformly bounded with respect to m in
Cµ(D˜logm) norm for every µ ∈ N0 and εm is a sequence tending to zero
as m→∞.
From G˚arding’s inequality together with Sobolev estimates for ellip-
tic operator 
(p,q)
(m) , one can get the following
Proposition 6.1 (c.f. [4]). Let u ∈ F ∗mΩp,q(D˜logm). For every r > 0
with D˜r ⊂⊂ D˜logm, and every k ∈ N+ and k > n−12 , there is a constant
Cr,k independent of m such that
|u(0)|2 ≤ Cr,k
(
‖u‖2
2mF ∗mϕ,D˜r
+ ‖((p,q)(m) )ku‖2mF ∗mϕ,D˜r
)
.
7. Proof of the Theorem 1.1
Now, after a long way of preparing, we are on the way to prove
Theorem 1.1. The proof of Theorem 1.1 divides into three steps.
Step 1. Fix a point x0 ∈ X . From Lemma 4.1 and Remark 4.2, up
to a coordinate transformation, we can choose a canonical local patch
D = D˜× (−δ, δ) = {(z, θ) : |z| < ε, |θ| < δ} with canonical coordinates
(z, θ, ϕ) such that (z, θ, ϕ) is trivial at x0 and the metric ω induced by
the T -rigid Hermitian metric on X be the Hermitian metric satisfies
ω = i
2
∂∂|z|2 =: β at x0. Let u ∈ Hn−1,qb,m,≤λ(X) such that ‖u‖ = 1 and
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∂bu = 0. Set u˜ = e
mϕe−imθu on D˜, then from Lemma 5.1 and Lemma
5.2, we know that u˜ ∈ Hn−1,q2mϕ,≤λ(D˜) and ∂u˜ = 0. By the definition and
Lemma 5.1, it is easy to show that
|u|2 = |u˜|2e−2mϕ,(11)
|(n−1,q)b,m u|2 = |(n−1,q)2mϕ u˜|2e−2mϕ.(12)
Now we construct a trivial holomorphic Hermitian line bundle (L :=
D˜ × C, h := e−2mϕ) over D˜. From (11) and (12), one can identify u˜
with an L-valued (n − 1, q) form on D˜, i.e. a section of the bundle
Ωn−1,q ⊗ L over D˜, and (n−1,q)2mϕ with the formal ∂-Laplacian operator
on D˜ with respect to the induced Hermitian metric ω (see Remark 4.2)
and the Hermitian metric h of L on D˜. For this consideration, we make
the following notations throughout this section[
u˜
]2
:= |u˜|2e−2mϕ(13) [

(n−1,q)
2mϕ u˜
]2
:= |(n−1,q)2mϕ u˜|2e−2mϕ.(14)
Now it is the right time for us to introduce the strategy of Berndtsson
[4]. Since X is pseudoconvex, then from Proposition 2.2 we have that
ΘL = i∂∂ϕ ≥ 0.
From Lemma 5.3, we get that
i∂∂(Tu˜ ∧ ωq−1) ≥ (−2Re〈n−1,q2mϕ u˜, u˜〉 − c
[
u˜
]2〉)ωn−1.(15)
For r > 0 small, we define
σ(r) :=
∫
|z|<r
[
u˜
]2
ωn−1 =
∫
|z|<r
Tu˜ ∧ ωq =: s2(r),
λ(r) :=
(∫
|z|<r
[

n−1,q
2mϕ u˜
]2)1/2
.
From Cauchy’s inequality, we get that∫
|z|<r
[

n−1,q
2mϕ u˜
][
u˜
] ≤ λ(r)σ(r)1/2.
Without loss of generality, we may assume that λ ≥ 1.
From (15) we see that
∫
|z|<r
(r2 − |z|2)i∂∂(Tu˜ ∧ ωq−1) ≥ −cr2σ(r)− 2r2
∫
|z|<r
[

n−1,q
2mϕ u˜
][
u˜
]
ωn−1.
(16)
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Applying Stokes’ formula to the left hand side of (16), we get that
2
∫
|z|<r
iTu˜ ∧ ωq−1 ∧ β(17)
≤
∫
|z|=r
iTu˜ ∧ ωq−1 ∧ ∂|z|2 + cr2σ(r) + 2r2σ(r)1/2λ(r).
Since ω is smooth and ω(0) = β, up to shrinking the local patch if
necessary, we have that
(1−O(r))ω ≤ β ≤ (1− O(r))ω.(18)
Note that if ω = β, the boundary term in (17) can be estimated by
an integral with respect to surface measure
r
∫
|z|=r
[u˜]2dS,
and this implies that in our case∫
|z|=r
iTu˜ ∧ ωq−1 ∧ ∂|z|2 ≤ r(1− O(r))
∫
|z|=r
[
u˜
]2
(ωn−1/βn−1)dS.(19)
However, ∫
|z|=r
[
u˜
]2
(ωn−1/βn−1)dS = σ′(r).(20)
From (17), (18) and (20), by incorporating the term cr2σ(r) in
O(r)σ(r), we get that
2q(1− O(r))σ(r) ≤ rσ′(r) + 2r2σ(r)1/2λ(r).(21)
Dividing by 2rs(r) to both sides of (21), we obtain
q(1/r −O(1))s(r) ≤ s′(r) + rλ(r).(22)
We are going to prove
s(r) ≤ Crkλk/2
for k ≤ q by induction over k.
The statement is trivial for k = 0. In fact, from (11) and (13), we
have that
σ(r) =
∫
|z|<r
[
u˜
]2
ωn−1 =
1
2δ
∫
|z|<r,−δ≤θ≤δ
|u|2dvX ≤ 1
2δ
,
since we have assumed that ‖u‖ = 1.
Now we assume that it has been proved for a certain value of k < q.
Then (22) implies
(k + 1)(1/r −O(1))s(r) ≤ s′(r) + rλ(r).(23)
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Since u˜ ∈ Hn−1,q2mϕ,≤λ(D˜), the form n−1,q2mϕ u˜ also lies in Hn−1,q2mϕ,≤λ(D˜) ,
then by the induction hypothesis we get that
λ(r) ≤ Crkλk/2+1.(24)
From (23) and (24), we obtain that
(k + 1)(1/r − O(1))s(r) ≤ s′(r) + Crk+1λk/2+1.(25)
Set
Φ(r) = (k + 1)
∫
(1/r −O(1))dr ∼ (k + 1) log r
and multiply (25) by the integrating factor e−Φ(r). The result is that
(se−Φ)′ ≥ −Cλk/2+1.
Integrate this inequality from r to λ−1/2. Since e−Φ ∼ 1/rk+1, we get
that
r−(k+1)s(r) ≤ Cλk/2+1/2 + s(λ−1/2)λk/2+1/2 ≤ Cλk/2+1/2.
By induction, we obtain that
s(r) ≤ Crqλq/2.
After squaring both sides, we obtain that∫
|z|<r
[
u˜
]2
ωn−1 ≤ Cr2qλq.(26)
Go through the proof given above line by line, one can see that the
constant C only depends on the local coordinatesp, c in Siu’s formula
(which depends only on the metric ω), O(1) and δ, but from the com-
pactness of X , one can get a uniform constant C independent of r, m,
λ and the point x0.
Step 2. In the sequel, we shall use the scaling technique in Section
6.
For any form u ∈ Ωn−1,qb,m (X), we express u in terms of the trivializa-
tion and local canonical coordinates on D and write u˜ = emϕe−imθu on
D˜ as before. Firstly we assume that λ ≤ m. Put
u˜(m)(z) = F ∗mu˜(z) = u˜(
z√
m
),
so that u˜(m) is defined for |z| < 1 if m is large enough.
We also have the scaled Laplacian 
(n−1,q)
(m) , and from (8), it satisfies
m
(n−1,q)
(m) u˜
(m) = F ∗m(
(n−1,q)
2mϕ u˜) =: (
(n−1,q)
2mϕ u˜)
(m).
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From (10), 
(n−1,q)
(m) converges to a m-independent elliptic operator
as m→∞ on a neighborhood of |z| ≤ 1.
Therefore, from Propositon 6.1, we obtain that
|u(0)|2 = [u˜](0) ≤ Ck
( ∫
|z|<1
[
u˜(m)
]2
ω
(m)
n−1 +
∫
|z|<1
[

(n−1,q)
(m) )
ku˜(m)
]2
ω
(m)
n−1
)
,
(27)
for m sufficiently large and k > n−1
2
, where Cr,k in Proposition 6.1
depends on r and k, but here Cr,k = C1,k =: Ck only depends on k
since r = 1 in (27).
By coordinate transformation formula, we have that∫
|z|<1
[
u˜(m)
]2
ω
(m)
n−1 = m
n−1
∫
|z|< 1√
m
[
u˜
]2
ωn−1,
and∫
|z|<1
[

(n−1,q)
(m) )
ku˜(m)
]2
ω
(m)
n−1 = m
n−1−2k
∫
|z|< 1√
m
[
(n−1,q2mϕ )
ku˜
]2
ωn−1.
From (26) in Step 1, we get that
mn−1
∫
|z|< 1√
m
[
u˜
]2
ωn−1 ≤ Cmn−1−q(λ+ 1)q,(28)
and
mn−1−2k
∫
|z|< 1√
m
[
(n−1,q2mϕ )
ku˜
]2
ωn−1 ≤ Cmn−1−q(λ+ 1)q(λ/m)2k.(29)
Combining (27), (28) and (29), we obtain that
|u(0)|2 ≤ Cmn−1−q(λ+ 1)q.
Secondly, if λ ≥ m, we apply the above procedure to the scaling u˜(λ)
instead, and trivially get
|u(0)|2 ≤ Cλn−1.
Step 3. Since ∂b commutes with 
(p,q)
b,m , we have the following exact
sequence
0→ Z n−1,qb,m,≤λ inclusion−−−−−→ Hn−1,qb,m,≤λ
∂b−→ Z n−1,q+1b,m,≤λ .
Thus we obtain that
dimHn−1,qb,m,≤λ ≤ dimZ n−1,qb,m,≤λ + dimZ n−1,q+1b,m,≤λ .(30)
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From Lemma 3.5, we see that, for any y ∈ X
dimZ n−1,qb,m,≤λ ≤
(
n− 1
p
)(
n− 1
q
)∫
X
Sn−1,qm,≤λ (y)dvX ≤ Cmn−1−q(λ+ 1)q
(31)
with λ ≤ m, and
dimZ n−1,qb,m,≤λ ≤
(
n− 1
p
)(
n− 1
q
)∫
X
Sn−1,qm,≤λ (y)dvX ≤ Cλn−1(32)
with λ ≥ m.
From (30), (31) and (32), we obtain that for λ ≤ m
dimHn−1,qb,m,≤λ ≤ C
(
mn−1−q(λ+ 1)q +mn−2−q(λ+ 1)q+1
)
≤ Cmn−1−q(λ+ 1)q,
and for λ ≥ m,
dimHn−1,qb,m,≤λ ≤ Cλn.
In conclusion, we complete the proof of the Theorem 1.1.
Remark 7.1. In [4], iBerndtsson constructed for any 0 ≤ q ≤ n,
a compact Ka¨hler manifold M of complex dimension n and a semi-
positive line bundle over M such that for large k,
dimHn,q≤λ(Lk) ≥ C(λ+ 1)qkn−q.
Let X be the circle bundle X := {v ∈ L∗ : |v|2h−1 = 1} over M which
is of real dimension 2n + 1. Then from the Theory of Grauert tube in
Section 3.1, one can see that for large m,
dimHn,qb,m,≤λ ≥ C(λ+ 1)qmn−q.
Thus we can see that in Theorem 1.1, the growth order is sharp.
8. Serre type duality theorem
Let X be a compact CR-manifold of real dimension 2n − 1, which
admits a transversal CR S1-action. Let u ∈ Hp,qm (X), which means that

(p,q)
b,m u = 0, which is equivalent to the fact that ∂bu = 0 and ∂
∗
bu = 0
from the Hodge theory of p,qb,m. We define the Hodge-∗ operator in the
CR level by the following
〈u|v〉dvX = u ∧ ∗v ∧ ω0,(33)
where u, v ∈ Ωp,qm (X), dvX is the volume form on X defined in Lemma
4.3 , and ω0 is the global 1-form associated to the action of S
1.
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Proposition 8.1. The Hodge-∗ operator is a complex linear operator
∗ : Ωp,qm (X)→ Ωn−1−q,n−1−pm (X).
Proof. For the proof, we follow the counterpart for complex manifold
case in [22]. Suppose that u, v ∈ Ωp,qm (X). For simplicity we denote as
follows
Ap = α1 · · ·αp, Bq = β1 · · ·βq with α1 < · · · < αp, β1 < · · · < βq
dzAp = dzα1 ∧ · · · ∧ dzαp , dzBq = dzβ1 ∧ · · · ∧ dzβq .
Moreover, for Ap = α1 · · ·αp, we put
An−1−p = αp+1 · · ·αn−1,
where αp+1 < · · · < αn and {α1, · · · , αp, αp+1, · · · , αn−1} is a per-
mutation of {1, · · · , n − 1}. Similarly we define Bn−1−q for a given
Bq = β1 · · ·βq.
Then with this notation, we can write u, v in local coordinates by
u =
∑′
Ap,Bq
uApBqJ(z, θ)dz
Ap ∧ dzBq
v =
∑′
Ap,Bq
vApBqJ(z, θ)dz
Ap ∧ dzBq ,
where dzAp and dzBq are T -invariant forms.
Set
sgn
(
Ap An−1−p
Bq Bn−1−q
)
= sgn
(
α1 · · · αp αp+1 · · · αn−1
β1 · · · βq βq+1 · · · βn−1
)
,
From the definition of (·|·) and similar computations in [22], one can
compute that ∗v can be represented by
∗v = (i)n−1(−1)k
∑
Ap,Bq
sgn
(
Ap An−1−p
Bq Bn−1−q
)
g(z)vBqAp(z, θ)dzAn−1−p ∧ dzBn−1−q ,
(34)
with k = (n− 1)(n− 2)/2 + (n− 1)q, g(z) = det(gi,j(z)) and
vβ1···βqα1···αp(z, θ) =
∑
gβ1µ1 · · · gβqµqgλ1α1 · · · gλpαpvµ1···µqλ1···λp(z, θ).
Replacing v by v and interchanging A with B, we obtain
∗v = in(−1)k′
∑
Ap,Bq
sgn
(
Ap An−1−p
Bq Bn−1−q
)
g(z)vApBq(z, θ)dzBn−1−q ∧ dzAn−1−p ,
(35)
with k′ = (n− 1)(n− 2)/2 + (n− 1)p, and
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vApBq(z, θ) =
∑
gα1λ1 · · · gαpλpgµ1β1 · · · gµqβqvλ1···λpµ1···µq(z, θ).
It is easy to see that the map v → ∗v is linear, namely we have
∗(c1u+ c2v) = c1 ∗ u+ c2 ∗ v
for c1, c2 ∈ C.
From (35) , it is easy to see that T (∗v) = im(∗v), i.e. ∗v ∈
Ωn−1−q,n−1−pm (X).

Proposition 8.2. We have ∗v = ∗v.
Proof. It suffices to check this at arbitrarily fixed point x0 ∈ X . Take
canonical local coordinates (z, θ) so that (z(x0), θ(x0)) = (0, 0) and
gαβ(x0) = δαβ . Then g
αβ(x0) = δαβ , hence we have that v
ApBq(x0) =
vApBq(x0) and v
ApBq(x0) = vApBq(x0). Moreover we have
dzBn−1−q ∧ dzAn−p = (−1)(n−1−q)(n−1−p)dzAn−p ∧ dzBn−1−q .
Substituting these inequalities into (34) and (35), we get that
∗v(x0) = (−1)n−1+(n−1)p+(n−1−q)(n−1−p)+(n−1−p)q ∗ v(x0) = ∗v(x0).

By standard arguments, we have the following
Proposition 8.3. If v ∈ Ωp,qm (X), then ∗ ∗ v = (−1)p+qv.
In the sequel, we will deduce a formula for ∂
∗
b . Let u ∈ Ωp,q−1m (X)
and v ∈ Ωp,qm (X). Recall that ∂
∗
b is defined by the following formula
(∂bu|v) = (u|∂∗bv).(36)
By the definition of the ∗-operator, we have that
(∂bu|v) =
∫
X
∂bu ∧ ∗v ∧ ω0.
Since X is compact, we have that∫
X
d(u ∧ ∗v ∧ ω0) = 0.(37)
Since u ∧ ∗v is an (n − 1, n− 2) form, we have that ∂b(u ∧ ∗v) = 0
and ∂b(u ∧ ∗v ∧ ω0) = 0. Then we obtain that
d(u ∧ ∗v ∧ ω0) = ∂b(u ∧ ∗v ∧ ω0) + ∂b(u ∧ ∗v ∧ ω0)(38)
= ∂bu ∧ ∗v ∧ ω0 − (−1)p+qu ∧ ∂b ∗ v ∧ ω0.(39)
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From (37) and (38), we have that
(∂bu|v) =
∫
X
∂bu ∧ ∗v ∧ ω0 = (−1)p+q
∫
X
u ∧ ∂b ∗ v ∧ ω0.(40)
By Proposition 8.3, we have that∫
X
u ∧ ∂b ∗ v ∧ ω0 = −
∫
X
u ∧ ∗ ∗ ∂b ∗ v ∧ ω0.(41)
Combining (36), (40) and (41), we have that
∂
∗
b = − ∗ ∂b ∗ .(42)
Thus we have proved the following
Proposition 8.4. ∂
∗
b = − ∗ ∂b∗.
Now let u ∈ Hp,qm (X), i.e. ∂bu = 0 and ∂
∗
bu = 0. Set v = ∗u. By
Proposition 8.1 and (34), we have that v ∈ Ωn−1−p,n−1−q−m (X).
Lemma 8.5. ∂bv = 0 and ∂
∗
bv = 0, which means that v ∈ Hn−1−p,n−1−q−m (X).
Proof. By direct computations, we have that
∂bv = ∂b ∗ u = (−1)p+q+1∗ ∗ ∂b ∗ u = (−1)p+q∗∂∗bu = 0.
∂
∗
bv = − ∗ ∂b ∗ ∗u = (−1)p+q ∗ ∂bu = 0.
Thus we complete the proof of the Lemma. 
Now we are on the way to get the following
Theorem 8.6 (= Theorem 1.2). Let X be a compact CR-manifold of
real dimension 2n− 1, which admits a transversal S1-action. Then the
Hodge ∗-operator defined by (33) induces a conjugate linear isomor-
phism
∗ : Hp,qm (X)→ Hn−1−p,n−1−q−m (X)
u 7→ ∗u.
In particular, by combining the Hodge theory for p,qb,m, we have the
following conjugate line isomorphism in the cohomologcial level
Hp,qm (X) ≃ Hn−1−p,n−1−q−m (X).
Proof. Based on Lemma 8.5, we only need to prove that if u 6= 0, then
∗u 6= 0, which follows directly from the definition of the ∗-operator. 
Combining Theorem 1.1, we obtain the following
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Theorem 8.7 (= Theorem 1.3). Let X be a compact CR-manifold
of real dimension 2n − 1, which admits a transversal CR S1-action.
Suppose that X is a weakly pseudo-convex CR manifold. Then we have
that for q ≥ 1,
dimH0,q−m(X) ≤ Cmn−1−q, as m→ +∞.
9. Applications
In this section, we introduce some applications of our main results.
9.1. Morse type inequalities and Grauert-Riemenschneider type
criterion. Let X be compact connected CR manifold of real dimen-
sion 2n − 1, n ≥ 2 which admits a transversal CR S1-action. Set
X(q) := {x ∈ X|Lx has exactly q negative eigenvalues and n − 1 − q
positive eigenvalues}.
In [19], it is proved that the following Morse type inequalities hold.
Theorem 9.1 (c.f. [19]). Let X be a compact connected CR manifold
with a transversal CR S1-action. Assume that dimRX = 2n−1, n ≥ 2.
Then for every q = 0, 1, · · · , n− 1, as m→ +∞, we have
dimHqb,m(X) ≤
mn−1
2pin
∫
X(q)
| detLx|dvX(x) + o(mn−1),
q∑
j=0
(−1)q−jdimHjb,m(X)
≤ m
n−1
2pin
q∑
j=0
(−1)q−j
∫
X(j)
| detLx|dvX(x) + o(mn−1).
In particular, when q = n − 1, as m → +∞, we have the asymptotic
Riemann-Roch theorem
n−1∑
j=0
(−1)j dimHjb,m(X) =
mn−1
2pin
n−1∑
j=0
∫
X(j)
| detLx|dvX(x) + o(mn−1).
From Theorem 1.2, we get that
Theorem 9.2 (=Theorem 1.4). Let X be a compact connected CR
manifold with a transversal CR S1-action. Assume that dimRX =
2n − 1, n ≥ 2. Then for every q = 0, 1, · · · , n − 1, as m → +∞, we
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have
dimHn−1,qb,−m (X) ≤
mn−1
2pin
∫
X(n−1−q)
| detLx|dvX(x) + o(mn−1),
q∑
j=0
(−1)q−jdimHjb,m(X)
≤ m
n−1
2pin
q∑
j=0
(−1)q−j
∫
X(j)
| detLx|dvX(x) + o(mn−1).
In particular, when q = n − 1, as m → +∞, we have the asymptotic
Riemann-Roch theorem
n−1∑
j=0
(−1)j dimHjb,m(X) =
mn−1
2pin
n−1∑
j=0
∫
X(j)
| detLx|dvX(x) + o(mn−1).
The following is the corresponding Morse type inequalities for m ≤ 0
in [19].
Theorem 9.3 (c.f. [19]). Let X be a compact connected CR manifold
with a transversal CR S1-action. Assume that dimRX = 2n−1, n ≥ 2.
For every q = 0, 1, 2, · · · , n− 1, as m→ −∞, we have
dimHqb,m(X) ≤
|m|n−1
2pin
∫
X(n−1−q)
| detLx|dvX(x) + o(|m|n−1),
q∑
j=0
(−1)q−j dimHjb,m(X)
≤ |m|
n−1
2pin
q∑
j=0
(−1)q−j
∫
X(n−1−j)
| detLx|dvX(x) + o(|m|n−1).
In particular, when q = n − 1, as m → −∞, we have the following
asymptotic Riemann-Roch theorem
n−1∑
j=0
(−1)j dimHjb,m(X) =
|m|n−1
2pin
∫
X(n−1−j)
| detLx|dvX(x) + o(|m|n−1).
Applying our Theorem 1.2, we have that
Theorem 9.4 (=Theorem 1.5). Let X be a compact connected CR
manifold with a transversal CR S1-action. Assume that dimRX =
KOHN-ROSSI COHOMOLOGY 31
2n− 1, n ≥ 2. For every q = 0, 1, 2, · · · , n− 1, as m→ +∞, we have
dimHn−1,qb,m (X) ≤
mn−1
2pin
∫
X(q)
| detLx|dvX(x) + o(mn−1),
n−1∑
j=n−1−q
(−1)n−1+q−j dimHn−1,jb,m (X)
≤ m
n−1
2pin
n−1∑
j=n−1−q
(−1)n−1+q−j
∫
X(j)
| detLx|dvX(x) + o(mn−1).
In particular, when q = n − 1, as m → +∞, we have the following
asymptotic Riemann-Roch theorem
n−1∑
j=0
(−1)j dimHn−1,jb,m (X) =
mn−1
2pin
n−1∑
j=0
(−1)j
∫
X(j)
| detLx|dvX(x) + o(mn−1).
From the asymptotic Riemann-Roch theorem in Theorem 9.4 and
Theorem 1.1, we conclude that
Theorem 9.5 (= Theorem 1.6). Let (X, T 1,0X) be a compact con-
nected CR manifold of dimension 2n − 1, n ≥ 2, where T 1,0X is the
given CR structure on X. Assume that X admits a transversal CR
S1-action. If X is weakly pseudo-convex and strongly pseudo-convex at
a point, then
dimHn−1,0b,m (X) ≈ mn−1 as m→ +∞.
That is to say, there are a lot of CR sections of the canonical bundle
KX of X.
By A ≈ B, we mean that there is a positive constant C such that
C−1 ≤ A/B ≤ C.
9.2. Application to orbifold. Let us first recall some basics of orb-
ifold (c.f. [11, 31]). Let X be a Hausdorff space. An (C∞) orbifold
chart for an open set U ⊂ M is a triple (U˜ , G, ϕ), where U˜ is a domain
in Rn, G is a finite group acting effectively as automorphisms of U˜ ,
and ϕU : U˜ → U is a continuous map such taht ϕ ◦ σ = ϕ for all
σ ∈ G, inducing a homeomorphism from the quotient space U˜/G onto
U . An injection between two charts (U˜ , G, ϕ) and (U˜ ′, G′, ϕ′) is a (C∞)
embedding λ : U˜ → U˜ ′ such that ϕ′ ◦ λ = ϕ.
An orbifold atlas onX is a family V = {(U˜i, Gi, ϕi)} of orbifold charts
such that U = {Ui} is a covering ofX , where Ui = ϕi(U˜i) and given two
charts (U˜i, Gi, ϕi) and (U˜
′
i , G
′
i, ϕ
′
i) and x ∈ Ui ∩ Uj , there exist a chart
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(U˜k, Gk, ϕk) with x ∈ Uk and injections λik : (U˜k, Gk, ϕk)→ (U˜i, Gi, ϕi),
λjk : (U˜k, Gk, ϕk)→ (U˜j , Gj, ϕj).
An orbifold atlas V ′ is said to be a refinement of V if there exists
an injection of every chart of V ′ into some chart of V. An orbifold
X = (X,V) is a Hausdorff space X with a (maximal) orbifold atlas V.
We can assume an additional structure such as orientation, Riemann-
ian metric, almost-complex structure or complex structure, CR struc-
ture on every V˜ in the orbifold atlas V. We understand the morphisms
(and the groups) preserve the specified structure. Thus we can define
oriented, Riemannian, almost-complex or complex, CR orbifolds.
Remark 9.1. Let X be a smooth manifold of real dimension m, and
G be a compact Lie group acting on X locally free. Then the quotient
space X/G is an orbifold. Conversely, any orbifold X can be realized
in this way, with G = O(m), the orthogonal group of degree m over R.
An orbifold vector bundle E over an orbifold X = (X,V) is defined
as follows: E is an orbifold and for U ∈ U , (E˜U , GEU , ϕ˜U : E˜U → U˜)
is a GEU -equivariant vector bundle and (E˜U , G
E
U , ϕ˜U) (resp. (U˜ , GU =
GEU/K
E
U , ϕU), K
E
U = Ker(G
E
U → Diffeo(U˜))) is the orbifold structure
on E (resp. X). If GEU acts effectively on U˜ for U ∈ U , we call E a
proper orbifold vector bundle.
Remark 9.2. Let E be an orbifold vector bundle on (X,V). For U ∈
U , let E˜prU be the maximal KEU -invariant subbundle of E˜U on U˜ . Then
(GU , E˜
pr
U ) defines a proper orbifold vector bundle on (X,V), denoted by
Epr.
From the above Remark, without loss of generality, we only consider
proper orbifold vector bundle throughout this paper.
Let E → X be an orbifold vector bundle. A section s : X → E is
called Ck if for each U ∈ U , s|U is covered by a GEU -invariant Ck section
s˜U : U˜ → E˜U .
If X is an oriented orbifold, we define the integral
∫
X
Φ for a form Φ
over X as follows: if Supp(Φ) ⊂ U ∈ U , then∫
X
Φ :=
1
|GU |
∫
U˜
Φ˜U .
Now let (X, T 1,0X) be a CR orbifold, i.e., there is an orbifold atlas
V on X , such that for every (U˜ , G, ϕ) ∈ V, there is a CR structure
(U˜ , T 1,0U˜) so that the group G acts on and preserves the CR structure
on U˜ .
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In a similar way, one can define the ∂b-complex on X . Furthermore,
Theorem 3.2, Theorem 3.3, Theorem 3.4 also hold for compact CR orb-
ifold with transversal CR S1-action. It is natural to ask the following
Question 9.1. Does the Theorem 1.1 also hold for compact CR orbifold
with transversal CR S1-action?
Since on every orbifold chart (U˜ , G, ϕ), the S1-action generates a G-
invariant vector field T on U˜ which preserves the CR structure on U˜ and
satisfies the transversal condition, then by almost the same arguments
as in [3], we can see that Bauoendi-Roth-Treves’ Theorem 4.1 on the
existence of canonical local coordinates also holds on the CR orbifold
setting.
To answer the above question, we establish the following
Theorem 9.6 (=Theorem 1.7). Let (X, T 1,0X) be a compact connected
CR orbifold of dimension 2n− 1, n ≥ 2, where T 1,0X is the given CR
structure on X. Assume that X admits a transversal CR S1 action and
X is weakly pseudo-convex. Then form sufficiently large, if 0 ≤ λ ≤ m,
dimHn−1,qb,m,≤λ ≤ C(λ+ 1)qmn−1−q,
and if 1 ≤ m ≤ λ,
dimHn−1,qb,m,≤λ ≤ Cλn−1.
Here we omit the details and just give a sketch of the proof. We
take the advantage that the key estimate in our proof of Theorem 1.1
is a pointwise estimate. We work on a local canonical orbifold chart
(U˜ , G, ϕ). Note that everything on U˜ is invariant under the group
action G, then the desired estimate on the orbifold chart above can be
achieved by the same method as before, which can be naturally pushed-
down to U by the invariance under the group action. Then from the
compactness of the orbifold, we can complete the proof of Theorem 9.6.
Remark 9.3. Similarly, Theorem 8.6 and Theorem 1.3 can also be
generalized to CR orbifold setting.
Let M be a compact connected complex manifold and G be a com-
pact Lie group acts analytically on M . We assume that the action of
G on M is locally free. Then M/G is a complex orbifold. Suppose
that dimC(M/G) = n. Let L → M be a G-invariant holomorphic
line bundle over M , i.e., the transition functions of L are G-invariant.
Suppose that L admits a locally free G-action compatible with that
on M , i.e., an action (g, v)(∈ G × L) 7→ g ◦ v ∈ L with the property
pi(g ◦ v) = g ◦ (pi(v)) where pi : L→M is the bundle projection. Then
L/G is an orbifold holomorphic line bundle over M/G.
34 ZHIWEI WANG AND XIANGYU ZHOU
The G-action on L can be naturally extended to Lm := L⊗m and L∗
(the dual line bundle of L). Then Lm/G and L∗/G are also orbifold
holomorphic line bundles over M/G.
Since the Cauchy-Riemann operator is G-invariant, we have the ∂-
complex
(∂,Ωp,•(M/G,Lm/G)), p = 0, 1, · · · , n,
and the (p, q)-th Dolbeault cohomology group:
Hp,q(M/G,Lm/G) :=
Ker∂ : Ωp,q(M/G,Lm/G)→ Ωp,q+1(M/G,Lm/G)
Im∂ : Ωp,q−1(M/G,Lm/G)→ Ωp,q+1(M/G,Lm/G) .
Take any orbifold Hermitian metric hL (i.e. G-invariant Hermitian
metric) on L, it induces an orbifold Hermitian metric hL
∗
on L∗, set
X˜ = {v ∈ L∗||v|2
hL∗ = 1}. Then X = X˜/G is a compact CR orbifold,
and the natural S1-action on X˜ induces a locally free S1-action on X
which can be verified that the action is CR and transversal.
Theorem 9.7 (= Theorem 1.8). For every p, q = 0, 1, · · · , n and every
m ∈ Z, there is a bijective map A(p,q)m : Ω(p,q)m (X)→ Ω(p,q)(M,Lm) such
that A
(p,q+1)
m ∂b,m = ∂A
(p,q)
m on Ω
(p,q)
m (X). Thus we have that
Ωp,qm (X) ≃ Ωp,q(M,Lm)
Hp,qb,m(X) ≃ Hp,q(M,Lm).
In particular, dimHp,qb,m(X) <∞.
Proof. This is a small modification of the proof for the case p = 0 in [9].
The local orbifold structure of L is the following commutative diagram:
U˜∗
pi
U˜∗

ϕ∗
// U∗
piU

U˜ ϕ
// U,
where U˜∗ = U˜ × C, piU˜∗ and piU are the projetions, (U˜∗, GU˜∗, ϕ∗) and
(U˜ , GU˜ , ϕ) are orbifold charts of L and M respectively. Let s be a
local trivializing section of L defined on U , it corresponds to a section
s˜ of U˜∗ on U˜ with the property (g ◦ s˜)(x) = s˜(g ◦ x) for g ∈ G and
x ∈ U˜ . Let |s˜|2hL = e−2ψ˜ on U˜ . Since hL is a G-invariant Hermitian
metric on L, we have that ψ˜ is a G-invariant function on U˜ and G
acts on X˜ naturally. The local orbifold structure of X is the following
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commutative diagram:
U˜ × S1
pi
U˜

ϕ∗
// (U˜ × S1)/GU˜∗
piU

U˜ ϕ
// U,
where (U˜ × S1)/GU˜∗ ⊂ X and U ⊂M/G.
We identify U˜ with an open set of Cn, and introduce holomorphic
coordinates z = (z1, · · · , zn) on U˜ . We have the local diffeomorphism
τ : U˜ × (−ε0, ε0)→ X, 0 < ε0 ≤ pi,
(z, θ) 7→ e−ψ˜s˜∗(z)e−iθ.
We understand the image of the map τ is contained in an orbifold chart
of X .
Put D = U˜ × (−ε0, ε0) as a canonical coordinate patch with (z, θ)
canonical coordinates (with respect to the trivialization s˜ on U˜) such
that on D, the global real vector field T induced by the S1-action is ∂
∂θ
and
T 1,0U˜ = { ∂
∂zj
− i ∂ψ˜
∂zj
(z)
∂
∂θ
; j = 1, 2, · · · , n},(43)
T 0,1U˜ = { ∂
∂zj
+ i
∂ψ˜
∂zj
(z)
∂
∂θ
; j = 1, 2, · · · , n},
and
T ∗1,0U˜ = {dzj; j = 1, 2, · · · , n}, T ∗0,1U˜ = {dzj ; j = 1, 2, · · · , n}.(44)
We first define a local map Ap,qm (D) : Ω
p,q
m (D) → Ωp,q(U˜ , Lm) as
follows
Ap,qm (D) : Ω
p,q
m (D)→ Ωp,q(U˜ , Lm)
u(z, θ) 7→ s˜m(z)emψ˜(z)u(z, θ)e−imθ.
Note that u(z, θ)e−imθ is a form independent of θ. It is easy to see that
this map is a bijective. We will prove that Ap,qm (D) can be patched to
a global operator A
(p,q)
m : Ω
(p,q)
m (X)→ Ω(p,q)(M,Lm).
Let s and s1 be local trivializing sections of L on an open set U , and
s˜ and s˜1 be the corresponding sections on U˜ . Let (z, θ) ∈ Cn × R and
(z, η) ∈ Cn×R be canonical coordinates of D with respect to s˜ and s˜1
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respectively. Set |s˜|2hL = e−2ψ˜ and |s˜1|2hL = e−2ψ˜1 . It suffices to prove
that
s˜m(z)emψ˜(z)u(z, θ)e−imθ = s˜m1 (z)e
mψ˜1(z)u1(z, η)e
−imη(45)
Observe that the above equality is invariant under the G-action.
Let s˜1 = gs˜ for g a unit on U˜ . It is easy to find that
ψ˜1 = ψ˜ − log |g|.(46)
Note that if τ(z, θ) = τ1(z, η), then with a certain branch of square
root, we have
e−iθ
(g(z)
g(z)
) 1
2 = e−iη.(47)
From (46) and (47), we can easily verify that (45) holds. Thus
one proves that Ap,qm (D) can be patched to a global operator A
(p,q)
m :
Ω
(p,q)
m (X)→ Ω(p,q)(M,Lm).
In the following, we will prove thatA
(p,q+1)
m ∂b,m = ∂A
(p,q)
m on Ω
(p,q)
m (X).
Denote by û(z) = u(z, θ)e−imθ, which was previously known to be in-
dependent of θ. From (43) and (44), by direct computations, one can
see that
∂bu˜ =
n∑
j=1
eimθdzj ∧ ( ∂û
∂zj
(z) +m
∂ψ˜
∂zj
(z)û(z)).(48)
Then we have
Ap,q+1m (D)(∂bu) = s˜
m(z)emψ˜(z)(
n∑
j=1
dzj ∧ ( ∂û
∂zj
(z) +m
∂ψ˜
∂zj
(z)û(z))
= s˜m(z)∂(emψ˜û(z)) = ∂A(p,q)m u.
The last equality follows from the fact that s˜ is holomorphic.
Since u is GU˜∗ invariant, s˜ and ψ˜ are GU˜ invariant, and the actions
commutes with ∂, we can see that Ap,q+1m (D)(∂bu) is a well-defined local
section of Lm over U˜ , which can be patched together to a global section
of Lm over X by the previous proof.
The proof of Theorem 9.7 is completed. 
Combining Theorem 9.6 and Theorem 9.7, we can get the following
Theorem 9.8 (= Theorem 1.9). LetM be a compact complex manifold
and G a compact Lie group. Suppose that G acts on M analytically,
locally free and dimCM/G = n. Let L be a G-invariant holomorphic
Hermitian line bundle over M . Suppose that L admits a locally free
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G-action compatible with M and the curvature of L is semi-positive.
Then we have that for m sufficiently large,
dimHn,q(M/G,Lm/G) ≤ Cmn−q,
where C is a constant independent of m.
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